A proof is given for the Fourier transform for functions in a Hilbert space on a manifold.
In a recent paper [1] discussing the embedding of the relativistic canonical classical and quantum theory of Stueckelberg Horwitz and Piron [2] [3] [4] (see also [5] [6]) into general relativity, the Fourier transform on the manifold, necessary for the construction of a canonical quantum theory, was introduced without proof. It is the purpose of this note to provide a proof.
We wish to construct the Fourier transform on a manifold with metric g µν (x) ( x ≡ x µ , µ = (0, 1, 2, 3)) and (compatible) connection form Γ λ µν (x). For a function f (x) defined a.e. on the manifold {x}, we define the Fourier transform [1] 
where g = − det g µν and the integral is carried out (in the Riemannian sense) in the limit of the sum over small spacetime volumes with invariant measure
so that (2π)
we must havef
Exchanging the order of integrations, on the set {f (p)}, we see that we must study the function
which should act as the distribution δ 4 (p − p ′ ). To prove this, folllowing the method of Reed and Simon [7] in their discussion of Lebesgue integration, we represent the integral as a sum over small boxes around the set of points {x B } that cover the space, and eventually take the limit as for a Riemann-Lebesgue integral. In each small box, the coordinatization arises from an invertible transformation from the local tangent space in that neighborhood. We write
where
and ξ λ is in the flat local tangent space at x B . We now write the integral (5) as
Let us call
In this neighborhood, define ∂x
which is a constant matrix in each box. In (9), we then have
We now make a change of variables for which ξ ′ µ = a µ λ (B)ξ λ ; we then have
in each box. However, the transformation a µ λ (B) in the neighborhood of each point B is, in general, different, and therefore the set of transformed boxes may not cover (boundary deficits) the full domain of spacetime coordinates.
We may avoid this problem by assuming geodesic completeness of the manifold and taking the covering set of boxes along geodesic curves. Parallel transport of the tangent space boxes then fills the space in the neighborhood of the geodesic curve we are following, and each infinitesimal box carries an invariant volume (Liouville type flow) transported along a geodesic curve. For succesive boxes along the geodesic curve, since the boundaries are determined by parallel transport (rectilinear shift in the succession of local tangent spaces), there is no volume deficit between adjacent boxes.
We may furthermore translate a geodesic curve to an adjacent geodesic by the mechanism discussed in [8] , so that boxes associated with adjacent geodesics are also related by parallel transport. In this way, we may fill the entire geodesically accessible spacetime volume.
Let us assign a measure to each point B
We may then write (8) as
Our construction has so far been based on elements constructed in the tangent space in the neighborhood of each point B. Relating all points along a geodesic to the corresponding tangent spaces, and putting each patch in correspondence by continuity, we may consider the set {x B } to be in correspondence with an extended flat space {ξ}, for which
In the limit of vanishing spacetime box volume, this approaches a Lebesgue type integral on a flat space
If the measure is differentiable, we could write,
Since the kernel ∆(p − p ′ ) is to act on elements of a Hilbert space {f (p)}, the support for p ′ → ∞ vanishes, so that p − p ′ is essentially bounded. In the small box, say, size ǫ,
for ǫ sufficiently small, so that m(ξ, p − p ′ ) = 1, and we have
* Similar to the method followed in the simpler case of constant curvature by Georgiev [9] . or**
It is clear that the assertion (18) requires some discussion. For ǫ → 0 we must be sure that p ′ does not become too large, so that our local measure is equivalent to d 4 ξ. In each of the dimensions, what we want to find are conditions for which
for ǫ → 0, where we have written p for p − p ′ . As a distribution, on functions g(p), the left member of (21) acts as
The function G(ǫ) is analytic if p n g(p) has a Fourier transform for all n, since G(0) is identically zero, and successive derivatives correspond to the Fourier transforms of p n g(p) (differentiating under the integral). This implies, as a simple sufficient condition, that the (usual) Fourier transform of g(p) is a C ∞ function in the local tangent space {ξ}. In this case we can reliably use the first order term in the Taylor expansion,
whereg(ξ) is the Fourier transform of g(p). As a distribution on such funcions g(p), the assertion (18) then follows. The proof outlined in this note is effective due to the factorization possible in the exponential function. Applying the same method to an arbirary function on the manifold, we could write
Since for small ξ
Therefore we have (in the notation used above)
To lowest order, this is
** Note that Abraham, Marsden and Ratiu [10] apply the formal Fourier transform on a manifold in three dimensions without proof. just our usual understanding of the meaning of d 4 xf (x) as a sum over the whole space with local measure d 4 x.
